Optical tracking was used to characterize acoustic radiation force (ARF) induced displacements in a tissue-mimicking phantom. Amplitude modulated (AM) 3.3 MHz ultrasound was used to induce ARF in the phantom which was embedded with 10 µm microspheres that were tracked using a microscope objective and high speed camera. For sine and square AM the harmonic components of the fundamental and second and third harmonic frequencies were measured. The displacement amplitudes were found to increase linearly with ARF up to 10 µm with sine modulation having 19.5% lower peak-to-peak amplitude values than square modulation. Square modulation produced almost no second harmonic but energy was present in the third harmonic. For the sine modulation energy was present in the second harmonic and low energy in the third harmonic. A finite element model was used to simulate the deformation and was both qualitatively and quantitatively in agreement with the measurements.
Introduction
Ultrasound elastography is an emerging technique used in diagnostic clinical applications in medicine to detect contrast in tissue stiffness (Parker et al., 2011) . Areas of application include: cancer screening, assessing vascular pathology and monitoring high-intensity focused ultrasound (HIFU) therapy. In many implementations tissue displacement is induced by acoustic radiation force (ARF) which is dependent on both ultrasound intensity and the tissue properties. The work reported here is motivated by a desire to better quantify the ultrasound induced displacement in tissue.
The majority of ARF based ultrasound imaging techniques such as acoustic radiation force impulse (ARFI) imaging (Nightingale et al., 2002) , harmonic motion imaging (HMI) (Maleke et al., 2006) , supersonic shear imaging (SSI) (Bercoff et al., 2004) and electromagnetic acoustic (EMA) imaging (Zhang et al., 2013) rely on quantifying tissue deformation under ultrasound excitation. The magnitude of this deformation is generally tracked using ultrasound based methods, which use time-delays to estimate the dynamic response of tissue using pulse-echo data (Pinton et al., 2006) . Although these ultrasound methods can track the displacement at a sub-micrometre scale in the axial direction, they have several limitations. First, the displacement estimation accuracy in the lateral direction is significantly lower compared to the axial direction. While it is possible to derive lateral displacement estimate on the basis of axial strain, it has been shown that the variance of the lateral displacement estimate is 40× (F-number) 2 worse than that of the axial direction (Lubinski et al., 1996) . Second, real-time tracking of displacements is limited by the interference from the ARF pulse. This is because the echo signal from the excitation pulse has to be sufficiently attenuated before acquiring the pulse-echo tracking data, which prevents estimating tissue deformation during the excitation phase. Third, the depth of the region-ofinterest (ROI) creates physical limitations for the temporal resolution due to the sound speed in tissue (≈1540 m/s). For example, in theory a point located at a focal depth of 7.7 cm in tissue would only allow temporal resolution of 10 kHz, which is within the limit for short duration ARFI pulses.
In reality however, the temporal resolution would be even lower due to the interfering echo signals, which would have to be attenuated before starting the next pulse-echo acquisition. Furthermore, ultrasonically derived displacement estimates in solid media are also affected from the so-called shearing artefact (McAleavey et al., 2003) , which is caused by the averaging of individual scatterer amplitudes in displacement calculation. This has been shown to lead to underestimation of tissue peak displacement at the focal point (Czernuszewicz et al., 2013) . Although ultrasound based tracking methods can be easily implemented in a clinical setting by using the same transducer for pushing and tracking the displacement, the limitations mentioned do not favour their usage in accurate characterisation of tissue dynamics. Bouchard et al. (2009b) were the first to demonstrate the feasibility of optical tracking method utilising a high-speed camera to measure the dynamics of tissue deformation under ARF excitations. They used a phantom with embedded steel markers and tracked the displacement of these markers under both impulsive and harmonic excitations. The impulsive excitations were conducted using pulse lengths from 0.5 to 50.0 ms and the harmonic excitations using 50 -300 Hz amplitude modulation. This tracking data was then compared to tracking data acquired using conventional ultrasound based tracking method. They found the mean peak displacements differ from 2.8 to 30.7% for impulsive pulses and from -4.3 to 25.3% for harmonic excitations between the two tracking methods. Bouchard et al. (2009a) also did another study where they used the same tracking technique to characterise the deformation dynamics in a tissue-mimicking phantom. They used short duration impulsive pulses (0.1 -0.4 ms) and tracked the induced displacements in both axial and lateral direction with frame rates up to 36 kHz. The displacements were tracked using several individual markers located on-and off-axis, and the results were compared to finite element method (FEM) models.
Later, Czernuszewicz et al. (2013) used the same optical tracking method to experimentally validate the displacement underestimation in ultrasound based techniques (McAleavey et al., 2003) . For ultrasound excitation and tracking they used a clinical ultrasound scanner with linear ultrasound probe.
The probe was used with F-numbers 1.5 and 3.0 to excite tissue-mimicking phantoms whose Young's moduli were 6.6, 19.8 and 30.2 kPa. They found the displacement underestimation to decrease with higher F-number due to larger cross-sectional area which the force is affecting. Similarly, stiffer phantoms exhibited smaller underestimation error due to faster shear wave spreading, which makes the scatterer movement at the focal point more uniform.
Therefore, the maximum underestimation error (35%) was found using the F-number 1.5 and the softest phantom. These experimental results were in accordance with the FEM simulations by Palmeri et al. (2006) .
Several studies have characterised mechanical tissue response to impulsive ultrasound excitation using optical (Callé et al., 2005; Bouchard et al., 2009a,b; Czernuszewicz et al., 2013) and ultrasound tracking methods (Palmeri et al., 2005; Wang et al., 2014) , but there has been little focus on the tissue dynamics under harmonic excitations. Konofagou and Hynynen (2003) demonstrated the feasibility of HMI with simulations and experimentally by using ultrasound tracking in tissue-mimicking phantoms. In the experimental part they used three different transducer configurations with ultrasound modulation frequencies ranging from 200 to 800 Hz and four agar phantoms with Young's modulus between 7.1 and 94.6 kPa. The effect of stiffness on the harmonic displacement amplitude was determined and the results were compared to simulations. The experimental results showed the oscillation displacements to vary from -300 to 250 µm whilst in the simulations the estimated harmonic displacement spanned from -800 to 600 µm. An exponential decrease of the harmonic displacement amplitude with the phantom stiffness was observed both in simulations and experimentally. Later Konofagou et al. (2012) established the correlation between ultrasonically measured harmonic displacement amplitudes and Young's moduli of tissue-mimicking gel phantoms. They also showed the harmonic displacement amplitude to decrease with increasing Young's modulus of the phantom.
Apart from the effect of tissue stiffness on harmonic displacement amplitude, some research has been done about the effect of modulation frequency on oscillation magnitude. Curiel et al. (2009) used HMI to monitor HIFU ablation in rabbit muscle and measured the average normalised harmonic displacement amplitudes as a function of modulation frequency. They used modulation frequencies from 50 to 300 Hz and found the displacement amplitude to decrease with modulation frequency within this range. A similar relation was also observed in simulations performed later by Heikkila et al. (2010) . Furthermore, due to the viscoelastic properties of soft tissues, Liu and Ebbini (2007) used ultrasound amplitude modulation for viscoelastic characterisation of tissue properties. They studied the changes in harmonic displacement amplitudes using modulation frequencies from 200 to 1300 Hz in two different phantoms. It was shown that the relative displacement amplitude is dependent on the frequency response of the target material which can be related to the corresponding stiffness. In addition to displacement amplitude the relative phase of the displacement was also shown to vary with modulation frequency.
Previous studies have examined the effect of tissue stiffness and modulation frequency on displacement amplitudes, but several aspects are still to be studied: (i) the dynamics of harmonic excitation pulses using square modulation have not been extensively compared to those of sine modulation, (ii) frequency spectrum analysis has not been conducted to characterise the harmonic frequencies and spectral components of displacement curves and (iii) the absolute harmonic displacement amplitudes and phase shifts have not been analysed in terms of both quantified ARF and modulation frequency. Furthermore, ultrasonic tracking methods have mainly been used previously, which has been shown to suffer from limitations in spatial accuracy, temporal resolution and ultrasound excitation interference. Accurate characterisation of tissue deformation under amplitude modulated (AM) ultrasound waveforms would benefit the development of HMI, EMA and other imaging modalities, which rely on ultrasound pushing the tissue periodically.
This paper focuses on characterising tissue dynamics under square and sine AM ultrasound waveforms. The axial displacement curves generated in a tissue-mimicking phantom are analysed both in the time and frequency domain. The time domain characterisation includes quantifying the absolute peak-to-peak displacements of the harmonic displacement curves by varying the intensity and modulation frequency of the ultrasound field. Furthermore, displacement curves are compared to simulated ARF waveforms to determine the phase shifts of the displacement curves. In the frequency domain, individual frequency components of the displacement curves are identified, and square and sine AM displacement curves are examined to quantify the magnitudes of first, second and third harmonic frequencies. Finally, the experimental results are compared to a FEM model using simulated non-linear ultrasound fields.
Acoustic radiation force
ARF is a phenomenon where travelling ultrasound waves transfer their momentum to the medium of propagation by the processes of absorption and reflection (Torr, 1984) . The absorption of ultrasound creates a pushing force in the direction of wave propagation (Starritt et al., 1991) , which results in a displacement of the medium in the same direction. In materials such as soft tissues and tissue-mimicking phantoms, where absorption is the dominating effect (Lyons and Parker, 1988) , the magnitude of the force per unit volume
] is given by (Torr, 1984; Starritt et al., 1991; Nyborg, 1965) :
where
is the temporal average intensity of the ultrasound field at given location and c [m·s −1 ] is the sound speed in the medium. In ARF based diagnostic imaging applications focused ultrasound fields are typically used to create local tissue displacements, in which case the greatest force is in the region of the transducer focal point.
Materials and methods

Tissue-mimicking phantom
Paraffin gel-wax was used to construct an optically clear tissue-mimicking phantom. Paraffin gel-waxes are transparent compounds of mineral oil and polymer resin, where the ratio of these two elements is typically 95% mineral oil and 5% polymer resin (Heilman and Morrison, 2002) . Gel-waxes are commonly used in candle-making industry due to their burning properties, but their usage has also been suggested as soft tissue-mimicking materials for ultrasound-guided breast biopsy training (Vieira et al., 2013) .
The acoustic and mechanical properties of the phantom are presented in Table 1 . The acoustic properties were measured using standard methods (Ritchie et al., 2013 ). Young's modulus and the frequency response of the phantom material were experimentally measured using dynamic mechanical analysis (DMA Q800, TA Instruments, New Castle, DE, US) from 0 to 50
Hz with multiple repetitions. The shear relaxation modulus and relaxation time parameters (viscosity) were fitted to the frequency response using least squares method (Kohandel et al., 2005) .
The tissue-mimicking phantom was constructed by melting 30 ml of gelwax in a glass container until its temperature reached 90 • C. After this, three drops of black polystyrene microspheres (diameter 10.23 ± 0.344 µm, 
Experimental setup and parameters
All the experiments were conducted using the setup shown in Figure 1 . each direction using an oscilloscope (WaveRunner 64Xi-A, Teledyne LeCroy, Spring Valley, NY, US), and the process was repeated until the maximum values of all three axes were found. The needle hydrophone had a physical tip diameter of 300 µm and an active element diameter of 75 µm which were smaller than the approximate −6 dB beam diameter (BD) of the transducer focal point in water (Olympus, 2011) : For data acquisition, a high-speed camera (Memrecam HX-3, NAC Image
Technology, Simi Valley, CA, US) was attached to the end of the optical mirror system. The ultrasound transducer was driven using two arbitrary waveform generators (33250A, Agilent Technologies, Santa Clara, CA, US) which were connected in sequence. The first generator was used to create either a 10-cycle square AM waveform with 50% duty cycle V square [V] or a 10-cycle sine AM waveform as
where f AM [Hz] is the modulation frequency. The second function generator was used to create the carrier wave at 3.3 MHz and to trigger the high-speed camera to start the data acquisition. The AM waveforms were amplified by 55 dB with a RF-amplifier (A300, Electronics & Innovation, Rochester, NY, US) and applied to the transducer via an impedance matching box.
The experimental ultrasound parameters measured in distilled/degassed water using a calibrated needle hydrophone (HNA-400, Onda Corporation, Sunnyvale, CA, US) are presented in Table 2 . The ultrasound propagation distance in the phantom was short (1 cm) which resulted in negligible reduction of ultrasound pressure (−1.86 dB). The frequency response of the hydrophone was taken into account when calculating the ultrasound parameters (Howard and Zanelli, 2007) . Spatial peak temporal average intensity values were calculated using the equation (Cobbold, 2006) :
where t pc [s] is the duration of the pressure cycle with the highest peak value and P (t) [Pa] is the corresponding time dependent pressure waveform.
Mechanical index (MI) values were calculated using the equation (Szabo, 2004) :
where P PN [MPa] is the peak negative pressure of the ultrasound field. 
Data acquisition
A total of 11 experiments listed in Table 2 were conducted for both square and sine AM waveforms using the same protocol. An ARF waveform with 10 modulation cycles (parameters in Table 2 ) was transmitted into the tissuemimicking phantom through water path. Simultaneously, at the beginning of the ultrasound excitation, a trigger signal was sent to the high-speed camera which started capturing images through the objective and the mirror system. The frame rate of the camera was set to 10 kHz for all the square modulated excitations, and frame rates of 1, 2 and 10 kHz were used for 50, 160 and 1000 Hz sine modulated excitations respectively. This was done to reduce the file size of the acquired image data whilst keeping the frame rate at least 10 times higher than the modulation frequency. The shutter speed of the camera was set to be the inverse of the frame rate. The trigger signal in the camera software was adjusted so that it was in the middle of the image buffer i.e., the same number of frames were captured before and after the ultrasound excitation. Representative image frames recorded before and during ultrasound excitation are shown in Figure 2 . The field-of-view (FOV) of the objective was kept the same in all the experiments so that the
Lateral ( initial position of the microshpere was in the middle of the image. All the measurements were conducted at room temperature 21 ± 1 • C and the light source was turned off for approximately one minute between the acquisitions to prevent unnecessary heat production in the water bath.
Data analysis
After each experiment a sequence of images were captured in the camera buffer and a set of images from 5 frames before the beginning of the ultrasound excitation to 100 frames after the end of the excitation were selected.
These image sets were then processed through an algorithm pipeline in Matlab R2013b (MathWorks Inc, Natick, MA, US) to calculate axial deformation in time, average peak-to-peak displacements, average phase shifts, frequency spectra and the magnitudes of harmonic frequencies. The image data from all the experiments were analysed using the same method.
The first image of each image set was selected as the reference image where the microsphere was at rest state. The horizontal location of the microsphere central point in the image was manually selected and an intensity threshold value was used to determine the edges of the sphere. By knowing the diameter of the microspheres (10.23 µm) the corresponding pixel diameter in the image could be calculated. Each of the images were captured with 1280 (axial) × 720 (lateral) resolution resulting in a spatial resolution of 0.1 µm per pixel. After the resolution of the image set was determined, each of the images in the sequence was compared to the reference image using a 2-D cross-correlation algorithm. The maximum value of the cross-correlation output in each image pair determined the axial and lateral displacement of the microsphere, which was saved into a vector variable. Maximum correlation values were typically over 0.8 throughout the whole image set. After all the images in the sequence had been analysed, the displacement vectors were used to plot tissue deformation in the time domain. The data analysis was done based on the axial displacement curves, which are referred to as displacement curves from now on.
After obtaining the time domain displacement curves, the average peakto-peak displacement of each harmonic modulation was calculated. The original waveforms exhibited a baseline drift which was removed by high-pass filtering (see Figure 3) . High-pass filters with cut-off frequencies of 20, 50
and 250 Hz were used for 50, 160 Hz and 1000 Hz modulation frequencies respectively. After the displacement curves were filtered, the maximum and minimum displacement values of each cycle were determined, and the average peak-to-peak value was calculated based on 8 cycles by ignoring the first Table 2 .
and the last cycle of the 10-cycle modulation curve.
The average phase shifts between the displacement curves and the ARF were also determined. This was done by determining the corresponding ARF which was simulated using the mechanical properties of the tissue-mimicking phantom in Table 1 and the experimental ultrasound parameters in Table 2 .
The magnitude of the phase shift was obtained by comparing the temporal locations of the maximum peak values between the filtered displacement curves and ARF. In the case of square modulation, the middle point of the ARF duty cycle was used as the reference point. Similarly to peak-to-peak displacement, the phase shift in each case was calculated as the mean of eight cycles by ignoring the first and the last cycle of the 10-cycle modulation curve.
The frequency spectra of the displacement curves were calculated using fast Fourier transform (FFT) and the components of the individual spectra were identified. Furthermore, the magnitudes of first, second and third harmonic components were calculated by using discrete Fourier transform (DFT) at each harmonic frequency for displacement curves with different modulation frequencies. In this context first harmonic is used to refer to the fundamental frequency i.e., the ARF modulation frequency.
Simulations
The experimental data was compared with the results from a FEM model and 58 boundary elements was utilised so that the element size in the centre of the phantom, i.e the focal point, was smaller (see Figure 4 (a)). A mesh convergence study was performed to determine the element size. The outer surface of the cylinder phantom was constrained while the two surfaces in the axial direction were unconstrained. This mimicked the real situation in the experiments where the phantom was attached to its holder from the both sides in lateral direction. The phantom material was modelled as a linear, isotropic and viscoelastic solid using the experimentally measured parameters in Table 1 Table 2 . (Zabolotskaya and Khokhlov, 1969; Kuznetsov, 1971) in the frequency domain. The solution takes into account beam diffraction, nonlinear effects, wave reflection at interfaces and the frequency dependence of absorption and phase speed dispersion in the medium. The pressure field of the transducer was solved in the axisymmetric spatial domain of the phantom (i.e., half surface) using 1361 mesh points in the axial and 1696 mesh points in the lateral directions (see Figure 4(b) ). The frequency dependent attenuation of the phantom was taken into account by using the experimentally measured parameters in Table 1 and for water typical values at room temperature were employed (Pinkerton, 1949; Marczak, 1997) . The pressure fields were solved with 128 harmonic frequency components so that the intensity levels matched with the experimentally measured values in Table 2. The corresponding ARF was then calculated using Eq. (1) for each mesh point taking into account the frequency dependent attenuation.
The simulated ARF mesh was modulated using normalised P 
Results
The analysis of the acquired displacement data has been divided into two sections: the time and frequency domains. The time domain section includes graphs of time domain displacement curves, average peak-to-peak displacements and phase shifts for different modulation frequencies and ultrasound intensities. The frequency domain section characterises the frequency spectra and the harmonic frequency components of both sine and square AM displacement curves. In addition to the experimental results, the simulated displacement data is presented and compared to the results in its own section.
The possible sources of error are discussed in the last section. Table 2 .
Displacement analysis in the time domain
The measured displacements were recorded so that all ten modulation cycles were captured. The first 10 ms of the obtained displacement curves with the same ultrasound intensity levels (i.e., the experiments no. 2, 5 and 9) are shown in Figure The finer details in the square AM displacement curves at 50 and 160 Hz are due to the usage of higher frame rates when capturing the image data.
Whilst sine modulated data was captured with approximately 10 to 20-fold sampling frequencies compared to modulation frequencies, a constant frame rate of 10 kHz was used for all square AM data. This resulted in finer detail in square modulated displacements at low modulation frequencies, but does not affect the results of the data analysis.
The mean value of ARF is positive with both square and sine AM, which causes the overall upward trend of the displacement curves. This can be seen clearly in Figures 5(a) and (b) , where in the case of 1000 Hz excitation, it has an almost linear slope within the 10 ms duration of the harmonic excitation. When lower modulation frequencies and longer time windows are used, the displacement curve eventually reaches its saturation point and starts to decrease again, recall Figure 3 (a).
The average peak-to-peak displacements as a function of ARF are presented in Figures 6(a) and (b) for sine and square AM waveforms respectively.
In each graph three curves are shown representing the three different modulation frequencies used in the experiments. The peak-to-peak displacement amplitudes were calculated as an average of eight cycles after filtering out the low frequency components in the displacement data. The standard deviation within these eight cycles are also shown in each case.
In Figure 6 it can be seen that the peak-to-peak displacement increases with applied ARF. The increase appears linear up to a displacement magnitude of about 10 µm after which the slope decreases. The displacement is higher for lower modulation frequency, which suggests that the medium is stiffer at higher frequencies. This also means the nonlinear effects are more pronounced at low frequencies.
Another observation that can be made from Figure 6 is that sine modu- Table 2 . lated displacement curves have generally lower peak-to-peak amplitude values compared to those of square modulation. On average sine modulated displacement curves had 19.5% lower peak-to-peak amplitude values, while only in experiments no. 8 and 9 were the sine modulated values 6.7% and 2.1% higher compared to square modulation. The minimum average peakto-peak displacement observed in the results was 0.5 µm, which was achieved using 1000 Hz modulation frequency and 0.13 N/cm 3 ARF using both sine and square modulation.
The viscoelastic behaviour of the phantom material could be seen in Negative values represent the lag in the displacement curve compared to the ARF. Four different ultrasound intensity levels with 50, 160 and 1000 Hz modulation frequencies were used. The phase shift was dependent on frequency but not intensity. The data are expressed as standard deviation of the eight cycles and corresponds to the experiments no. 1-11 in Table 2 . displacement curves to end point of the ARF excitation phase in each cycle. Figure 7 shows the calculated phase shifts for sine and square modulated displacement curves with respect to the applied ARF. Four different levels of ARF are shown with three measurement points corresponding to the different modulation frequencies. The negative angle value indicates the lag in the displacement curve with respect to ARF. The phase shift values were calculated as an average of eight cycles by ignoring the first and last excitation cycle, and standard deviations are shown within these cycles. It can be seen that the absolute phase shift becomes larger with increasing modulation frequency, but stays approximately the same with different levels of ARF. While the maximum phase shift for sine modulation is −175.5
• at 1000
Hz modulation frequency, the square modulation only reaches −36.0 • .
Displacement analysis in the frequency domain
A comparison of sine and square modulated displacement curves at 160
Hz modulation frequency together with the simulated ARF are presented in Figure 8 (a). The first 30 ms are presented in the time domain so that the ultrasound excitation is at the beginning of the curves. Due to the shape of the sine modulated ARF waveform, the resulting displacement curve has an initial offset of about 1.5 ms. Both displacement curves reach their overall peak values at around 15 ms after which they start to decrease again. This behaviour causes lower frequency components in the frequency spectrum as seen in Figure 8 The data corresponds to the experiments no. 3, 6 and 10 in Table 2 .
visible in the case of sine modulation. This can also be observed in Figure   9 (b) where the second harmonic component is at the noise level for square AM and significantly larger for sine AM. The same also applies to the 50 Hz modulation frequency in Figure 9 (a) which shows no existence of a second harmonic frequency. Only in the case of 1000 Hz modulation in Figure 9(c) there seems to be a larger second harmonic component in the case of square modulation, but this is because the overall energy level at these high frequencies is already so low that the spectral noise contributes to the magnitude of these frequencies.
An opposite situation is observed in the case of 3f AM which is evident for square modulated displacement curves, but contains only a small amount of energy in the case of sine modulation. The effect is most pronounced at 50 and 160 Hz, but at 1000 Hz the energy contribution to third harmonic frequencies is due to the noise.
Simulations
The simulated displacement curves together with the experimental data for 50, 160 and 1000 Hz sine AM are shown in Figures 10(a) The data corresponds to the experiments no. 3, 6, 10 and 7 in Table 2 , respectively. baseline drift at around 25 Hz. Similarly, the baseline drift is clearly visible in Figure 10 (b) which shows the data for 160 Hz sine modulation. The experimental data shows higher peak values during the first four cycles, but the low frequency baseline drift relaxes faster, and thus, ends up to lower values at around 40 ms. In both cases, the peak-to-peak amplitudes of the simulation data are slightly higher compared to the measured values.
Figure 10(c) shows the data for 1000 Hz sine AM. The peak-to-peak displacement amplitudes of the simulation are similar to those of the experimental data, but the overall peak value after ten ARF cycles is slightly lower. Furthermore, a small phase shift of exists between the simulated and measured curves, whilst the peaks of the simulated data occur earlier. This is due to a delay in response of the phantom at the onset of ARF in the experiments, which causes 0.4 ms delay in the beginning of the displacement curve. Similar small delay was also observed in the case of 50 and 160 Hz sine modulation, but the phase shift is not clearly visible due to the longer period of the ARF cycles.
The effect of constrained boundary condition is demonstrated in Figure   10 (d) which shows the simulated constrained and unconstrained displacement curves together with the corresponding experimental data with 160 Hz sine modulation. The unconstrained curve continues towards higher peak values whilst the constrained curve starts decreasing after four ARF cycles similarly to the experimental data, which causes the system to resonate at around 25 Hz. The data corresponds to the experiments no. 9-11 in Table 2 in (a) and the experiment no. 11 in (b). levels using sine AM at 1000 Hz. The simulated data achieves higher peak values at low intensity levels, but falls behind when the intensity of the ultrasound field is increased. Furthermore, the experimental data seems to grow slightly faster within ten ARF cycles whilst the growth of the simulated data is slower causing it to achieve lower peak amplitude in the end. The delay at the onset of ARF is also visible in the experimental data and is smaller when using higher intensity levels. 
Error estimation
The main sources of experimental error were due to the registration of the optical and acoustic focal points and the alignment of the microsphere in the FOV of the objective. The determination of the acoustic focal point in lateral and elevation directions was possible within the diameter of the active element of the hydrophone ±75 µm, which was accurate compared to the full width at half maximum (FWHM) of the transducer focal point.
In the axial direction the accuracy was determined by the step size of the positioning system ±1 µm.
The minimum distance between ultrasound focal point and the phantom edge was 3.3 mm which was due to the working distance of the objective. Bouchard et al. (2009a) reported the effect of shear wave reflection on the displacement curves from the phantom edge using single excitation pulses.
Similar phenomenon was observed in the experiments when a single excitation pulse was used resulting in a small peak of approximately 1 µm after the main excitation (less than 5% of the main peak). However, when harmonic excitation pulses were used, the shear wave refection was not visible in the displacement curves. Furthermore, no differences in the displacement curves were observed when comparing the simulations with finite and infinite domains.
The first main source of error arose from the alignment of the transducer and objective focal points. First of all, the physical tip diameter of the hydrophone was 300 µm, which was approximately four times larger than the FOV of the objective (80 µm). This affected the alignment accuracy in the lateral direction, because the tip of the needle hydrophone could not completely fit in the lateral FOV of the objective. Secondly, the alignment in the elevation direction was determined by finding the visually sharpest point of the needle hydrophone tip. This could result in a maximum alignment offset of ±110 µm, which is still within the FWHM of the acoustic focal point. The alignment accuracy in the axial direction was approximately ±10 µm based on the accuracy of which the tip of the hydrophone could be positioned in the middle of the FOV.
The second source of error was a result of positioning the phantom in the optical focal point of the objective. Although the magnification of the objective was considerably higher than used in the earlier optical tracking studies (Bouchard et al., 2009b,a; Czernuszewicz et al., 2013) , positioning the microsphere in the elevation direction could only be done by finding the visually sharpest point in the image. However, taking into account the small size of the microsphere (10.23 µm), this error is significantly smaller than what resulted from the registration of optical and acoustic focal points.
The shift of the maximum ARF in axial direction due to refraction effects in the phantom was estimated with nonlinear ultrasound simulations. The optical focal point of the objective was set at the maximum peak-positive pressure. The peak-positive pressure shift was found to be approximately 0.6 mm in axial direction away from the transducer. However, the location of the peak-positive pressure is slightly different from that of the peak intensity value and hence the maximum ARF. In simulations the peak intensity was found to occur 0.2 mm before the peak-positive pressure, and therefore, combining these two effects result in 0.4 mm shift of the maximum ARF from the optical focal point in axial direction. The total focal shift is less than 9%
of the FWHM pressure of the focal point along the same axis (4.5 mm).
The analysis of the image data could also result in errors at a submicrometre scale. The correlation coefficient value drops during the excitation phase, which affects the registration accuracy of the two subsequent image frames. The correlation coefficient values were typically high over 0.8, but in the case of high modulation frequencies the accuracy might drop slightly due to the exposure time of the high-speed camera sensor. This error could be reduced using higher frame rates with a more powerful light source.
The accuracy of the simulation model to mimic the dynamics of the experiments is affected by several factors. The first source of simulation error comes from the location of the ultrasound focal point with respect to the marker. As stated earlier, the location of the microsphere in lateral and elevation directions is subject to a small misalignment in the experiment whereas in the simulation the marker is placed exactly in the centre of the geometric focal point. The second source of error arises from determining the mechanical parameters of the phantom material. Whilst attenuation, density, speed of sound and Young's modulus values could be accurately measured, the choice of viscoelastic model and its parameters might not fully replicate the real dynamics of the medium. For example, the choice of Poisson's ratio has been shown to have an effect on the axial displacement amplitude (Palmeri et al., 2005) . Adjusting material properties to improve agreement was not employed here. Benech and Negreira, 2010) . Furthermore, ARF is dependent on the attenuation of the tissue, which changes considerably during ablation (Jackson et al., 2014) .
One of the observations in the measurement results was that larger peakto-peak displacement amplitudes were achieved using square modulation:
on average sine modulated displacements curves had 19.5% lower peak-topeak amplitude values compared to square modulation. This is because the time average ARF of sine AM waveform within one cycle is 25% lower than that of square modulation, which results in smaller energy deposition with time. Furthermore, the instantaneous rise of ARF during the first half of the excitation cycle in square modulation causes greater displacement amplitude at the beginning. During the second half ARF is completely turned off, which results in a steeper slope of the displacement curve and consequently lower values.
The average peak-to-peak displacements were found to increase with sim-ulated ARF. The dependence was approximately linear up to 10 µm after which the slope decreased slightly. This is consistent with Zaitsev et al. (2004) who studied how different acoustic output power affected the displacement amplitude in a silicone phantom using 10 ms ultrasound bursts and found the dependence to be approximately linear. However, this dependence is affected by the viscoelastic properties of the material and the nonlinearity of the ultrasound field.
The dependence of the displacement amplitude on modulation frequency was observed to be nonlinear. Similar results were also shown in experiments by Curiel et al. (2009) and later in simulations by Heikkila et al. (2010) , who examined how different modulation frequencies affect normalised harmonic displacement amplitudes. In both studies the harmonic displacement amplitude was found to decrease with modulation frequency, whilst largest displacement amplitudes were achieved using low modulation frequencies.
Although this relation has been a decreasing power fit in the previous cases, the shape of this nonlinear dependence is related to the frequency response of the material (Liu and Ebbini, 2007) .
Another property which was observed to change with modulation frequency was the phase shift between the displacement curves and the applied ARF. For both sine and square modulation, the absolute phase shift was shown to increase with the modulation frequency. However, the magnitude of the phase shifts was not found to vary with different levels of ARF when the modulation frequency was kept constant. Similar phase shifts were also observed in experiments by Maleke et al. (2006) , who generated harmonic sine AM displacements in gelatin phantoms. They found the magnitudes of the phase shifts to decrease with increasing phantom stiffness using a constant modulation frequency of 50 Hz. Bouchard et al. (2009b) used optical tracking method to measure the phase shifts in a gelatin phantom. They used sine AM waveforms with modulation frequencies from 50 to 300 Hz and found the absolute phase shifts to increase within this range.
The phase shifts occur due to the viscoelastic properties of the medium, and therefore, are dependent on the phase response of the material (Liu and Ebbini, 2007; Vappou et al., 2009) . If the material was completely elastic, it would behave as a linear spring where all the deposited energy in the excitation phase would be deposited in storage modulus and released in phase with the ARF. However, because the tissue-mimicking phantom used in the experiments is viscoelastic material, part of the energy is lost to viscosity.
Therefore, when a periodic force is applied to a material which is not perfectly elastic, the strain is not in phase with the force.
In all cases a direct current (DC) offset of displacement was observed with time. The static component of the displacement curve was also observed in the phantom experiments conducted by Curiel and Hynynen (2011) . They used 75 Hz modulation frequency to transmit five cycles of harmonic ultrasound pulses to three different locations in a phantom and rabbit thigh. The frequency spectrum analysis of the obtained displacement curves showed a strong static component at 0 Hz, but the time window used was not long enough to capture the baseline drift. The low frequency baseline drift was observed in simulations by Konofagou and Hynynen (2003) and Heikkila et al. (2010) , who postulated them to be due to non-zero mean of the ARF. The non-zero mean could explain the existence of the static component, but in addition to the DC offset a low frequency oscillation at around 25 Hz was observed for long enough time windows. This is more likely related to the resonant frequency of the medium and its surroundings. This behaviour became evident in the simulation model, where the constrained outer surface of the phantom caused a low frequency baseline drift to the displacement curves. Therefore, the baseline drift in the experimental data is caused by fixing the phantom to its holder from the both ends in the lateral direction.
The characterisation of harmonic frequencies showed differences between sine and square modulated displacement curves. The magnitude of the fundamental component 1f AM was found to be consistently greater for square modulation, which was a direct result of larger average peak-to-peak displacement amplitudes. Another difference was found in the ratio between the components at 2f AM and 3f AM . Where square modulated displacement curves had barely no energy at 2f AM , sine modulation showed a detectable peak in the frequency spectrum. In contrast, the magnitude of 3f AM was noticeably larger for square modulation as opposed to sine modulation. The explanation for the absence of a second harmonic component in the case of square modulation is in the fundamental property of the Fourier expansion of a square wave, which contains only components of odd-integer harmonic frequencies. In a theoretical situation the magnitude of odd-integer harmonic frequencies would be zero, but in real world situation some energy still remains.
The simulation model successfully replicated the dynamics of the experimental data inducing some of the lower frequency oscillations. The small delays in the beginning of the displacement curves using sine AM were due to the behaviour of ARF according to Eq. (3) where ARF is modulated using normalised P 2 sine . This causes the ARF to increase slowly in the beginning causing smaller slope. The overall peak amplitudes of the simulations were up to 5 µm lower compared to the measured values, whereas the peak-to-peak amplitudes showed slightly larger values. This is most likely due to the chosen viscoelastic model and its parameters, which could not completely mimic the relaxation process of the medium with different modulation frequencies.
For example, the peak-to-peak displacement amplitudes were higher in the simulations at 160 Hz compared to the experimental data, whilst at 1000 Hz the amplitudes were approximately the same, which suggest that the chosen parameters were better suited for high frequencies. Therefore, a more generalised viscoelastic model which takes into account multiple relaxation times, such as Maxwell-Wiechert model, could be more precise in predicting the relaxation process of the medium when different modulation frequencies are used. However, this requires accurate determination of the parameters for the viscoelastic model, which was outside the scope of this study.
Conclusions
No previous work on characterisation of displacement amplitudes and phase-shifts with respect to ARF has been reported. Although previous reports have shown single pulse displacement amplitudes with respect to ultrasound field intensity, the frequency dependent attenuation properties of tissue are significant when nonlinear ultrasound fields are used. Here is shown that measured displacements are in quantitative agreement with simulated displacements when the tissue properties and ultrasound fields are known. This is useful in diagnostic applications such as ARFI imaging and HMI.
Comparison of square and sine amplitude-modulation is useful in determining suitable modulation waveforms for diagnostic applications such as HMI and EMA at the frequency appropriate for the given modality. The characterisation of frequency components of different amplitude-modulation waveforms is useful in diagnostic applications such as EMA imaging which rely on quantifying the frequency spectrum components. The comparison of square and sine modulation frequency components helps to define suitable waveforms to achieve maximum fundamental frequency component with minimum harmonic frequency components.
Optical tracking of harmonic displacements in a tissue-mimicking phantoms was successfully conducted. The square modulated ARF waveforms yielded higher average peak-to-peak amplitude values when compared to sine modulation. Furthermore, the displacement amplitudes showed increasing linear dependence on ARF up to about 10 µm after which the slope decreased with both sine and square modulation. Phase shifts between the ARF and AM displacement curves were also observed. The magnitude of the phase shift was approximately independent of ARF but increased with the modulation frequency in both cases.
In the frequency domain, energy was observed at the fundamental modulation frequency, its harmonics and around 0 Hz. The magnitude of the fundamental modulation frequency was consistently higher in the case of square modulation, whereas the ratio between the second and third harmonic components differed as opposed to sine modulation. The second harmonic was almost non-existent in the case of square modulation, but energy was found in the third harmonic. An opposite situation was observed in the case of sine modulation, where a stronger second harmonic and a very low energy third harmonic were detected.
An advance over other studies is that a quantitative comparison of simulated and measured displacements was conducted. The simulation results were found to follow the dynamics of the experimental data, but small differences were seen in absolute peak and peak-to-peak displacement amplitudes.
This was most likely due to the chosen viscoelastic model, which was unable to account for multiple modulation frequencies. A choice of more general viscoelastic model might be able to predict the dynamics more accurately when different modulation frequencies are used.
These results show that FEM models can quantitatively capture ARF induced displacements over a range of amplitudes and modulation frequencies.
This provides a numerical tool to determine ultrasound intensity levels, AM waveforms and modulation frequencies in diagnostic applications, which are based on generating and tracking harmonic displacements in tissue.
